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Improved Matched Asymptotic Solutions
for Three-Dimensional Atmospheric Skip Trajectories
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An improved technique for matching the asymptotic solutions of nonlinear differential equations is presented
and successfully applied to the three-dimensional atmospheric skip trajectories. The classic method of matched
asymptotic expansions is generally applied to two-boundary value problems. When we apply the classic method to
initial value problems, because of error propagation,the resulting accuracy usually depends on physical problems.
In the proposed technique, second-order solutions are obtained by � rst generating a set of equations for the small
perturbations,which are the discrepancies between the uniformly valid � rst-order solutionsand the exact solutions.
Then, the equations of the small perturbations are integrated separately near the outer and inner boundaries to
obtain the perturbed outer and inner expansion solutions, respectively, for second-order matching. In addition,
in this improved technique the endpoint boundaries are arti� cially extended or constructed to strengthen the
physical assumptions on the outer and inner expansions for matching. Compared with the solutions obtained by
numerical integration over a wide range of entry conditions, the second-order solutions obtained by this improved
technique are very accurate. The trajectory elements at the lowest altitude and at exit, as well as their accuracy, are
evaluated.

Nomenclature
A = aerodynamic reference area, m2

B = lumped parameter de� ned by Eq. (8)
CD = drag coef� cient
C¤

D = drag coef� cient at maximum lift-to-drag ratio
CL = lift coef� cient
C¤

L = lift coef� cient at maximum lift-to-drag ratio
E = lift-to-drag ratio
E¤ = maximum lift-to-drag ratio
g = gravitational acceleration,m/s2

h = dimensionless altitude variable
m = vehicle mass, kg
r = radius altitude, m
t = time, s
u = dimensionless speed variable
V = velocity, m/s
¯ = inverse atmospheric scale height, m¡1

° = � ight-path angle, deg
µ = down-range angle or longitude, deg
¸ = normalized lift coef� cient
½ = density, kg/m3

¾ = bank angle, deg
Á = cross-range angle or latitude, deg
Ã = heading angle, deg

Subscripts

b = variables at bottom
i = variables at initial state
mc = modi� ed composite solutions
s = reference sea level
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Superscripts

c = composite solutions
i = inner expansions
o = outer expansions

Introduction

W ITH the advent of manned space explorationsand the estab-
lishment of permanentspace stations, the safe recoveryof an

orbiting aerospace vehicle, or its orbital maneuver with minimum
fuel consumption, has been one of the most challenging technolo-
gies in space � ight dynamics. During atmospheric passage, there
is a tremendous change in speed, kinetic energy, dynamic pressure,
and heating rate. It is then of interest to have explicit analytical
solutions for variationsof the elements of the three-dimensionalen-
try trajectory because the heading change due to three-dimensional
motion has promising applications in aeroassisted orbital transfer.
A powerful method for analyzing dynamic systems governed by
equationswith the dominant forces varyingwidely between the two
endpoints is the method of matched asymptotic expansions(MAE).
This technique, initiated by aerodynamicists,1;2 has been success-
fully applied to problems in astrodynamics.3;4 By using this method,
some analytical solutions for atmospheric re-entry problems have
been obtained, but they are restricted to � rst-order solutions.5¡7

In this paper, we propose an improved technique8 to go beyond the
� rst-ordersolutionsreportedpreviously.In this improvedtechnique,
the perturbation equations are generated by considering the small
discrepancies between the exact solutions and the uniformly valid
� rst-order solutions.Then, the equations for the small perturbations
are integrated separately near the outer and inner boundaries to ob-
tain the perturbed outer and inner expansionsolutions, respectively,
for second-ordermatching.

To illustrate the applicability of the improved MAE (iMAE), the
proposed technique is applied to analyze the three-dimensional at-
mospheric re-entry problem. We obtain, in addition to the usual
solutions for the altitude, speed, and � ight-path-angle variables,
second-order solutions for the heading, latitude, and longitude in
explicit form with excellentaccuracy.The explicit second-orderso-
lutions are compared with the pure numerical solutions, and the
errors incurred are assessed to show the region of validity for appli-
cation of the technique.
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Equations of Motion
Consider the three-dimensional� ight trajectoryof a spacevehicle

entering a nonrotating planetary atmosphere. Using the standard
notation as shown in Fig. 1, we have the governing equations

dr

dt
D V sin °

dV

dt
D ¡½ ACD V 2

2m
¡ g sin °

V
d°

dt
D ½ ACL V 2

2m
cos¾ ¡

³
g ¡

V 2

r

´
cos °

(1)

V
dÃ

dt
D ½ ACL V 2

2m cos°
sin ¾ ¡

V 2

r
cos ° cos Ã tan Á

dÁ

dt
D

V cos° sin Ã

r

dµ

dt
D

V cos° cosÃ

r cos Á

For a Newtonian inverse-squaregravitational � eld, we have

g=gs D r 2
s r 2 (2)

We de� ne the dimensionless variables

u D V 2 gsrs h D .r ¡ rs/=rs (3)

Furthermore, we use a strictly exponential atmosphere of the form

½ D ½se
¡h=" " D 1=¯rs (4)

where " is a small dimensionless parameter.
The lift and drag coef� cients are assumed to be of the form

CL D ¸C ¤
L (5)

and

CD D C ¤
D.1 C ¸2/=2 (6)

Then, by using the dimensionlessaltitudeh as the independentvari-
able to replace the time variable, we have the dimensionless equa-
tions of motion

du

dh
D ¡

2

.1 C h/2
¡

B.1 C ¸2/ue¡h="

"E¤ sin °

d°

dh
D

1

.1 C h/
¡

1
u.1 C h/2

1

tan °
C

B¸ cos ¾ e¡h="

" sin °
(7)

dÃ

dh
D ¡

cos Ã tan Á

.1 C h/ tan °
C

B¸ sin ¾e¡h="

" sin ° cos °

dÁ

dh
D

sin Ã

.1 C h/ tan °

dµ

dh
D

cos Ã

.1 C h/ tan° cosÁ

Fig. 1 Coordinate system with trajectory variables.

In these equations, the small dimensionless parameter " represents
the planetaryatmospherecharacteristic.For the Earth’s atmosphere,
the practical value of " D 1

900
. Furthermore, the maximum lift-to-

drag ratio E¤ D C¤
L =C ¤

D represents the performance characteristic
of the lifting vehicle; other physicalparameters are lumped together
in the coef� cient B de� ned as

B D ½s AC¤
L

2m¯
(8)

The � ight program is speci� ed by the normalized lift coef� cient ¸
and the bank angle ¾ .

The system equation (7) constitutes the most appropriatedimen-
sionless system of equations for analyzing entry into a planetary
atmosphere with lift and bank modulation. To generate the three-
dimensional entry trajectory, it suf� ces to select a lift control ¸.h/
and a bank angle ¾ .h/ as functions of the altitude and integrate
the equations from the initial condition [u i ; °i ; Ãi ; Ái ; µi ] at entry
altitude hi . In subsequent computation, we use a constant angle of
attack, that is, a constant¸ and a constantbankangle ¾ for the � ight.

Integration by MAE
By using the matched asymptotic expansions method, we obtain

separately the outer solutions at high altitude by retaining in the
equations only the dominant gravitationaland centrifugal force and
the innersolutionsat low altitudeby keepingonly the strongaerody-
namic force. By using appropriate matching, a composite solution
uniformly valid over the whole entry trajectory is then obtained.

Outer Expansions (Keplerian Region)
The outer expansions describe the behavior of motion in the

region near the vacuum. At high altitude in the limiting case,
e¡h=" ! 0, the aerodynamicforcenearlydisappearswhen compared
with the combinationof gravitationaland centrifugalforces. There-
fore, we obtain the outer expansions by repeated application of the
outer limit, " ! 0, with the altitude variable h and other variables
held � xed. We consider the state vector x D [u; ° ; Ã; Á; µ ] and
assume the following expansions:

xo D x0.h/ C "x1.h/ C "2x2.h/ C ¢ ¢ ¢ (9)

By substituting into the system equation (7) and taking the outer
limit, the � rst-order equations for the outer expansions are

du0

dh
D ¡ 2

.1 C h/2

d°0

dh
D 1

.1 C h/
¡ 1

u0.1 C h/2

1

tan °0

dÃ0

dh
D ¡ cos Ã0 tan Á0

.1 C h/ tan °0

dÁ0

dh
D sinÃ0

.1 C h/ tan °0

(10)

dµ0

dh
D cos Ã0

.1 C h/ tan °0 cos Á0

These are the equations for three-dimensionalKeplerian motion in
the vacuum. Upon integrating, the outer solutions are

u0 D
2

.1 C h/
C C1 cos°0 D

C2

C1.1 C h/2 C 2.1 C h/

cos Ã0 D
C3

cos Á0
(11)

sin Á0 D 1 ¡ C2
3 sin cos¡1

1 ¡ C2
2 .1 C h/

1 C C1C2
2

C C4

cos.µ0 ¡ C5/ D cos cos¡1
1 ¡ C2

2 .1 C h/

1 C C1C2
2

C C4 cos Á0

where Cn ; n D 1; 2; : : : ; 5 are the constants of integration to be
determined after matching.
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Inner Expansions (Aerodynamic Predominant Region)
Near the surfaceof the planet, the aerodynamicforce is dominant.

The inner expansions are obtained by repeated application of the
inner limit, which is de� ned as the limit when " ! 0 with the new
altitudevariable Nh D h=" and the other dimensionlessvariablesheld
� xed. We assume the following expansion:

xi D Nx0.Nh/ C " Nx1.Nh/ C "2 Nx2.Nh/ C ¢ ¢ ¢ (12)

By substituting into the system equation (7) and taking the inner
limit, the � rst-order equations for the inner expansions are

d Nu0

dNh
D ¡

B.1 C ¸2/ Nu0e¡Nh

E¤ sin N°0

d N°0

dNh
D

B¸ cos¾ e¡Nh

sin N°0

(13)

d NÃ0

dNh
D

B¸ sin ¾ e¡Nh

sin N°0 cos N°0

d NÁ0

dNh
D 0

d Nµ0

dNh
D 0

This system can also be integrated to yield the inner solutions

Nu0 D NC1 exp ¡ .1 C ¸2/

¸E¤ cos ¾
N°0 cos N°0 D B¸ cos ¾ e¡h=" C NC2

(14)
NÃ0 D tan ¾ .sec N°0 C tan N°0/ C NC3

NÁ0 D NC4
Nµ0 D NC5

where NCn ; n D 1; 2; : : : ; 5 are the correspondingconstants of inte-
gration.

First-Order Composite Solutions
To have the solutions uniformly valid over both the outer and the

inner regions, we construct the composite solutions by taking the
sum of the outer and inner solutions and subtracting the parts they
have in common:

xc D x0 C Nx0 ¡ x00 (15)

where x00 is the common limit. To avoid state variables becoming
imaginary before the vehicle reaches the lowest altitude,we require
that at a certain altitude, hb , the composite solution °c and the inner
solution N°0 reach zero simultaneously, that is,

N°0.hb="/ D °c.h D hb/ D 0 (16)

Hence, for matching, we choose a modi� ed common limit so that
Eq. (16) is satis� ed:

x00 D lim
h ! hb

x0.h/ D lim
Nh ! 1

Nx0.Nh/ (17)

i.e.,

u00 D 2

1 C hb

C C1 D NC1 exp ¡ .1 C ¸2/

¸E ¤ cos ¾
°00

cos °00 D
C2

C1.1 C hb/2 C 2.1 C hb/
D NC2

Ã00 D cos¡1

³
C3

cos Á00

´

D tan ¾ [sec °00 C tan °00] C NC3
(18)

sin Á00 D 1 ¡ C2
3 sin cos¡1

1 ¡ C2
2 .1 C hb/

1 C C1C2
2

C C4

D sin NC4

cos.µ00 ¡ C5/ D cos cos¡1
1 ¡ C 2

2 .1 C hb/

1 C C1C2
2

C C4 cos Á00

D cos. NC5 ¡ C5/

Then, according to Eq. (15), the � rst-order composite solutions are

uc D
2

1 C h
C NC1 exp ¡

.1 C ¸2/

¸E¤ cos ¾

£ cos¡1 B¸ cos ¾ e¡h=" C NC2 ¡ 2

1 C hb

cos °c D
C2

C1.1 C h/2 C 2.1 C h/
C B¸ cos ¾ e¡h="

¡
C2

C1.1 C hb/2 C 2.1 C hb/

(19)
Ãc D cos¡1

³
C3

cosÁc

´
C tan ¾ .sec N°0 C tan N°0/

C NC3 ¡ cos¡1

³
C3

cosÁ00

´

sin Ác D 1 ¡ C 2
3 sin cos¡1

1 ¡ C2
2 .1 C h/

1 C C1C2
2

C C4

cos.µc ¡ C5/ D cos cos¡1
1 ¡ C2

2 .1 C h/

1 C C1C 2
2

C C4 cos Ác

From the second of Eqs. (19), at the lowest altitude we have

1 D B¸ cos ¾ e¡hb=" C NC2 (20)

Now, there are 11 unknowns, namely, the 10 constants of inte-
gration and the lowest altitude hb . If we set the initial conditions
[ui ; °i ; Ãi ; Ái ; µi ] at h i in the composite solution equations (19)
to be identically satis� ed, these � ve new equations, together with
Eqs. (18) and (20), constitute a system of 11 equations for 11 un-
knowns. Because the � rst two variables,u and ° , are independentof
the other variables,Ã; Á, and µ , we can � rst solveforC1; C2; NC1; NC2,
and hb . Next, from the relevant equations,we solve for C3; C4; NC3,
and NC4. Finally, the constants of integration C5 and NC5 for µ can
be evaluated by satisfying the matching condition and the initial
conditionfor µ at h i . With the constantsevaluated,Eqs. (19) are the
� rst-order composite solutions in terms of the altitude variable h.

Second-Order Solutions
We construct the second-ordersolutionsby consideringthe small

discrepancies between the � rst-order composite solutions and the
exact solutions.Let

u D uc C z D u0 C Nu0 ¡ u00 C z

cos ° D cos °c C q D cos °0 C cos N°0 ¡ cos °00 C q

Ã D Ãc C y D Ã0 C NÃ0 ¡ Ã00 C y (21)

Á D Ác C f D Á0 C NÁ0 ¡ Á00 C f D Á0 C f

µ D µc C p D µ0 C Nµ0 ¡ µ00 C p D µ0 C p

Note that, because the inner solutions NÁ0 and Nµ0 are constants, they
are canceled by their common limits Á00 and µ00, respectively.As a
consequence,the classic � rst-order composite solutions for µ and Á
are not suf� ciently accurate because they are simply the Keplerian
solutions.By substitutingEq. (21) into the dimensionlessequations
for motion, Eqs. (7), and using the equations of outer and inner
expansions for simpli� cation, we obtain the equations for the small
perturbations

dz

dh
D ¡

B.1 C ¸2/ue¡h="

"E¤ sin °
C

B.1 C ¸2/ Nu0e¡h="

"E¤ sin N°0

dq

dh
D ¡ 1

.1 C h/
¡ 1

u.1 C h/2
cos °

C 1
.1 C h/

¡ 1
u0.1 C h/2

cos°0
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dy

dh
D ¡ 1

.1 C h/

³
cosÃ tan Á

tan °
¡ cosÃ0 tan Á0

tan °0

´

C
³

B¸ sin ¾ e¡h="

" sin° cos°
¡

B¸ sin ¾ e¡h="

" sin N°0 cos N°0

´

d f

dh
D 1

.1 C h/

³
sin Ã

tan °
¡ sin Ã0

tan °0

´

dp

dh
D 1

.1 C h/

³
cos Ã

tan° cosÁ
¡ cos Ã0

tan°0 cos Á0

´
(22)

The initial conditions for the perturbationsare trivially

z.h i / D 0 q.hi / D 0 y.h i / D 0
(23)

f .h i / D 0 p.hi / D 0

We integrate the equations for the perturbations separately, � rst in
the outer region and then in the inner region.

Second-Order Solutions for u and °

Because the equations for u and ° are decoupled from the sys-
tem, we can integrate the � rst two equations by assuming the outer
expansions for the perturbations:

zo D z0.h/ C "z1.h/ C "2z2.h/ C ¢ ¢ ¢

qo D q0.h/ C "q1.h/ C "2q2.h/ C ¢ ¢ ¢
(24)

By taking the outer limit, " ! 0, and keeping other variables � xed,
we obtain the outer solutions for the perturbation z:

dz0

dh
D 0 ) z0 D C6 (25)

It can be shown that C6 is zero. Then, upon using this solution and
integrating, the outer solution for perturbationq is

q0 D
C7

C1.1 C h/2 C 2.1 C h/
(26)

where C7 is the constant of integration.
For the inner solution z, because sin ° tends to sin N°0 and is very

small, by inspecting the � rst of the perturbation equations, we � nd
that u is very close to Nu0. This makes the evaluation of z very sen-
sitive to errors. Because the � rst-order composite solution for u is
suf� ciently accurate, we concentrate on improving the solution for
perturbation of the � ight-path angle in the inner region. First, we
anticipate the inner expansions for the perturbations in the form

z i D Nz0.Nh/ C "Nz1.Nh/ C "2 Nz2.Nh/ C ¢ ¢ ¢

q i D " Nq0.Nh/ C " Nq1.Nh/ C "2 Nq2.Nh/ C ¢ ¢ ¢
(27)

Next, we use the following limiting and approximate conditions:

u ! Nu0 C z ¼ Nu0 z ¿ 1

cos ° ! cos N°0 C q ¼ cos N°0 q ¿ 1 (28)

1 C h ! 1 C hb

By taking the inner limit and keepingothervariables� xed,we obtain
the equation for Nq0:

d Nq0

dNh
D ¡ 1

.1 C "Nh/
¡ 1

Nu0.1 C hb/2
cos N° 0

C 1

.1 C "Nh/
¡ 1

u0.1 C "Nh/2
cos °0 (29)

Note that in Eq. (29) we keep the integrable terms in an exact form
to increase accuracy and make the form of the � nal solution simple.
Therefore, it is only in the second term that "Nh is replaced by hb .

Upon integrating, we have the inner solution for perturbation q in
the form

Nq0 D f .Nh/ C NC7 (30)

The expression for f .Nh/ is very complex so we discuss only its ap-
plication here. We use this solution,Eq. (30), and the outer solution
q0 in Eq. (26) to construct the composite solution qc.h/, satisfying
identically the initial condition q.hi / D 0. Then, the second-order
solution for ° is

cos ° c D cos °c C qc

D
C2

C1.1 C h/2 C 2.1 C h/
C B¸ cos ¾ e¡h=" C qc.h/ (31)

As compared to the � rst-order composite solution given by the sec-
ond expression of Eqs. (19), besides the additional second-order
term q.h/, we reevaluate all of the constants of integration to con-
struct a modi� ed second-order solution in the form

cos ° c
m D cos°mc C qmc

D
C 0

2

C 0
1.1 C h/2 C 2.1 C h/

C B¸ cos¾ e¡h=" C qmc.h/ (32)

such that

B¸ cos ¾ e¡h0
b=" C NC 0

2 C qmc.h
0
b/ D 1 (33)

where cos °mc is the modi� ed � rst-order composite solution and
qmc is the composite solution for q but now denoting the difference
between the cos °mc and the exact solution.The solution for u is the
modi� ed � rst-order solution with new values for the constants and
the bottom altitude:

umc D
2

1 C h
C NC 0

1 exp ¡
.1 C ¸2/

¸E¤ cos ¾

£ cos¡1 B¸ cos ¾ e¡h=" C NC 0
2 ¡ 2

1 C h 0
b

(34)

Equations (32) and (34) are now the improved composite solutions
for u and ° in three-dimensional skip trajectory. The constants of
integration C 0

1; C 0
2; NC 0

1;
NC 0

2 and the lowest altitude h 0
b are evaluated

from Eq. (33), together with the � rst two expressions of Eq. (19),
with the accented constants and Eqs. (32) and (34) satisfying the
initial conditionsumc D ui and ° c

m D °i at the initial altitudeh D h i .
For the second-ordersolution of Ã , by inspecting the third equa-

tion of the perturbationequations(22), we observe that the equation
for perturbation y has the same dif� culty in sensitivity that we en-
countered in solvingperturbationz. We then concentrateon solving
the second-order solutions for Á and µ .

Second-Order Solutions for Á and µ

The second-ordersolutionsforÁ and µ are obtainedby integrating
the perturbation equations for f and p in Eq. (22). The solutions in
the outer region are trivially zero. For the inner region, by changing
the independent variable to N°0 for the integration, we obtain

Nf0 D tan ¾ [F1. N°0/ C NC2 F2. N°0/] C NC3[ N°0 C NC2 F3.°0/] C ¢ ¢ ¢

C sin Ã00

tan °00
.cos N°0 ¡ NC2/

1
.1 C hb/

C NC9

(35)

Np0 D
³³

N°0 C NC2 F3. N°0/ C
cos2 Ã00

C3 tan °00
.cos N°0 ¡ NC2/

¡ 1
2!

f2 NC3 tan ¾ [F1. N°0/ C NC2 F2. N°0/]g C ¢ ¢ ¢
´́

1
.1 C hb/

C NC10

where NC9 and NC10 are the corresponding constants of integration.
Note thattheprime for NC2 andhb , which representsthenewconstants



500 KUO AND VINH

Fig. 2 Variation of speed as a function of altitude for various entry
angles in three-dimensional skip trajectory.

of integration, is omitted for reasons of simplicity. In the solution
of Eq. (35), we have de� ned the following functions:

F1. N°0/ ´ [ .1 C sin N°0/ ¡ .cos N°0/] d N°0

D ¡cos N°0 C 1

9
¡3 cos N°0 C cos3 N°0/ C ¢ ¢ ¢

F2. N°0/ ´ .1 C sin N°0/ ¡ .cos N°0/

cos N°0 ¡ NC2

d N°0

D ¡ .cos N°0 ¡ NC2/ ¡ 1

3
¡1

2
cos2 N°0 ¡ NC2 cos N°0 (36)

C ¹ .cos N°0 ¡ NC2/ C ¢ ¢ ¢

F3. N°0/ ´ 1

cos N°0 ¡ NC2

d N°0

D
¡1
p

¹

³
¨p

¹ sin N°0 ¡ NC2 cos N°0 C 1

cos N°0 ¡ NC2

´
C 2

and

¹ ´ 1 ¡ NC2
2 (37)

where we take the minus sign for the descending arc and the plus
sign for the ascending arc in function equation (36). Because the
outer solutions for the perturbations f and p are zero, the composite
solutions for f and p are identical to the inner solution of Eq. (35).
Then, combiningthe fourth and � fth of the outer solutionof Eq. (11)
with inner solutionof Eq. (35), the second-ordersolutions for Á and
µ are of the form

Ác D Ác C fc D Á0 C " Nf0

µ c D µc C pc D µ0 C " Np0

(38)

The structure of the solutions is elegant in the sense that it reveals
the physical phenomenon in terms of mathematic description. The
� rst term in Eq. (28) represents the Keplerian motion without at-
mospheric in� uence. On the other hand, the second term represents
small perturbations due to the effect of aerodynamic force in the
inner region.

Numerical Applications
The purposeof this section is to discuss the relativemerits and the

rangesof applicationfor the analyticsolutionsobtainedby using the
iMAE. As numerical examples, we consider the three-dimensional
motion of a space vehicle entering the Earth’s atmosphere. The

Fig. 3 Variationof � ight-pathangleasa functionofaltitudefor various
entry angles in three-dimensional skip trajectory.

Fig. 4 Variation of heading angle as a function of altitude for various
entry angles in three-dimensional skip trajectory.

vehicle has a maximum lift-to-drag ratio of E ¤ D 1 with physical
parameter B D 2:68, startingwith the initialentryspeedVi D 1:1Vc ,
i.e., u i D 1:21 and using ¸ D 1, ¾ D 30 deg. Without loss of
generality, we set other variables at the initial entry altitude hi D
0:0157 to be zero, that is, [Ãi ; Ái ; µi ] D [0; 0; 0].Figures2 and 3 plot
the speed ratio V=

p
.gsrs/ and the � ight-pathangle° as functionsof

the altitude.Dashed lines indicate the numerical solutions,and solid
lines represent the iMAE solutions. The accuracy of the solutions
is excellent because, as shown in Table 1, we have obtained six
signi� cant digits at the lowest point. Table 1 presents the numerical
results of the trajectory variables at the bottom and at exit. In each
set of data, the upper value is the pure numerical solution and the
lower value is computed by our iMAE solutions. From Table 1, we
see that the relative error for the speed is about 0.2% at the bottom
and it propagates to 0.7% at exit for the worst case of ¡°i D 4
deg. Because the iMAE solutions are very accurate throughout the
descending phase, the solutions are competent for evaluation of
the critical elements at the peak deceleration and the maximum
heating, which always occur before the lowest point is reached.
However, because of the basic condition of the MAE technique, the
solutionsare less accurate for entry at small angleswhen the various
forces involved are of the same order of magnitude throughout the
trajectory. We suggest a completely different approach to analyze
the case of entry with small angles.9 Figures 4–6 present variations
of the headingangle, latitude, and longitudeas functionsof altitude.
For the initial entry angle ¡°i D 4 deg, there is some discrepancy
between the numerical solution and the iMAE solution, as shown
in Fig. 5. Even though the relative error for this case is large, the
difference is only 0.069 deg in absolute value for the latitude at
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Table 1 Comparison of trajectory elements (
p

u, ° ) at bottom and at exit for various entry angles

Flight-path angle ¡°i , deg

Trajectory elements 4 6 8 12

Bottom altitude Numerical 0.0084587 0.0070730 0.0062788 0.0052702
hb iMAE 0.0084470 0.0070704 0.0062783 0.0052708

Bottom speed Numerical 1.0516406 1.0009038 0.9570115 0.8788922
u1=2

b iMAE 1.0466288 0.9989403 0.9562586 0.8791299
Exit speed Numerical 0.9901114 0.8918307 0.8117041 0.6781483
u1=2

e iMAE 0.9828935 0.8914917 0.8137913 0.6819361
Exit angle Numerical 2.8186071 3.8039602 5.1206997 7.9369104
¡°e, deg iMAE 2.7141180 3.8122696 5.1839038 8.0714158

Table 2 Comparison of trajectory elements (Ã, Á, µ) at exit for various initial entry angles

Flight-path angle ¡°i , deg

Trajectory elements 4 6 8 12

Heading angle Numerical 2.9344642 5.8764035 8.5237840 13.559225
Ãe, deg iMAE 3.1321319 5.8789130 8.4401482 13.382860

Latitude Numerical 0.5140644 0.7370882 0.8241616 0.9069345
Áe, deg iMAE 0.5829793 0.7557625 0.8289606 0.9037549

Longitude Numerical 18.603317 13.167788 10.178101 7.0592236
µe , deg iMAE 19.332678 13.354608 10.307469 7.2076078

Fig. 5 Variation of latitude as a function of altitude for various entry
angles in three-dimensional skip trajectory.

Fig. 6 Variation of longitudeas a function of altitude for various entry
angles in three-dimensional skip trajectory.

Fig. 7 Variation of heading angle as a function of altitude for various
bank angles in three-dimensional skip trajectory.

Fig. 8 Variation of latitude as a function of altitude for various bank
angles in three-dimensional skip trajectory.
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Fig. 9 Variation of longitudeas a function of altitude for variousbank
angles in three-dimensional skip trajectory.

exit. Table 2 compares numerical results at exit for various entry
angles.

To study theeffectof the bankangleon the three-dimensionalskip
trajectory,we consideratmosphericentrywith the same initialspeed
and altitude at the initial entry angle ¡°i D 6 deg for three valuesof
bank angles,¾ D 30, 45, and 60 deg. The variationsof the trajectory
variables as functions of the altitude for these cases are plotted in
Figs. 7–9. Again, dashed lines representthe numericalsolutionsand
solid lines represent the iMAE solutions. The space vehicle fails to
skip out with the bankangle at 60 deg, and the relativeerror becomes
larger when the bank angle is larger. Nevertheless, in Figs. 8 and
9, the iMAE solutions for latitude and longitude remain in good
agreement with the numerical solutions for the three bank angles.

Conclusions
In this paper, an iMAE is proposed for deriving the second-order

solutions of nonlinear differential equations that govern dynamic
systems with controlling forces varying widely between the end-
points. The improved solutionsobtained by the proposed technique
are expressedin two parts: the � rst-ordercompositesolutionsand the
composite solutions of the perturbations,which are the differences
between the � rst-order composite solutions and the exact solutions.
The � rst-order composite solutions and the composite solutions of
the perturbationsconsist of outer solutions, inner solutions,and the
common limits of the outer and inner solutions. To investigate the
applicability and ef� ciency of the proposed technique, we applied
it to analyze the three-dimensional atmospheric re-entry problem.
In the process, for the matching we extended the endpoint in the
outer region to validate the assumptions of outer expansions with

one dominant force, and we created the boundary condition for the
inner limit to strictly enforce the strong aerodynamicforce assump-
tion of inner expansions.

The improved matched asymptotic solutions are very accurate
when compared with the pure numerical solution of the equations
of motion. For skip trajectory with an error in the sixth or seventh
digit for the altitude, it is not necessary to go to further higher-order
terms to improve on the � nal solutions. Along with the solutions
for speed and � ight-path angle, the analytic solutions for heading
change, latitude, and longitude were obtained and tested in a wide
range of entry conditions. The accuracy of the analytic solutions
was satisfactorily assessed and evaluated at the lowest altitude and
at exit. The numerical results from the analytic solutions show ex-
cellent agreement with the pure numerical solutions. Because the
solutions are in explicit form and are uniformly valid in both the
Keplerian and the atmospheric regions, the trajectory elements at
exit can be expressed explicitly.

In conclusion,an iMAE has been developed to analyze the three-
dimensionalmotion of the atmospheric skip trajectory.The second-
order solutionsobtainedby the improvedmethodapply to all phases
of � ight from the vacuum through the atmosphere to either skip out
or effective entry with a high degree of accuracy. The numerical
results clearly demonstrate the applicability and � exibility of the
improved technique.
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